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Stability and Hopf Bifurcation of the Maglev System
with Delayed Speed Feedback Control
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Abstract
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The problem of time delay speed feedback in the control loop is considered here. Its effects on the linear stability and

dynamic behavior of the maglev system are investigated. It is found that a Hopf bifurcation can take place when the time delay
exceeds certain values. The stability condition of the maglev system with the time delay is acquired. The direction and stability of
the Hopf bifurcation are determined by constructing a center manifold and by applying the normal form method. Finally, numerical

simulations are performed to verify the analytical result.
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1 Introduction

The maglev train is a novel kind of rail vehicle that has
no friction with the guideway. It is suspended beneath
the guideway by the attracting electromagnetic force and is
driven by linear electromotor. It has better characteristics
than conventional transports, including higher speed, lower
noise, easier maintenance and safety. As the maglev train
is one of the important modes of transport in the future,
German, Japan, China, America, and other countries have
devoted much resource to develop this technology.

Gottzein and Lange[l] have systematically studied the
linearized model of the maglev system based on the MBB
test prototype and have presented acceleration and cur-
rent feedback control algorithms. Lil? advanced the cur-
rent feedback method. He defined the “current loop” and
simplified the debugging procedure. The maglev system
can be easily controlled using this method. Wu et al. Bl in-
corporated elastic normal mode equation of the guideway
into the system model. They investigated the effect of the
elastic guideway and control parameter on the dynamic be-
havior of the maglev system. Zhou!! devised the method to
analyze the dynamic stability of the system by means of the
Liapunov characteristic numbers and applied it to the ma-
glev system moving over flexible guideway. The theoretic
research of the maglev system greatly propels the engineer-
ing procedurel®!. A few valuable results have been obtained
in the research of nonlinear dynamic and bifurcation phe-
nomenon. For example, Shi and Shel® analyzed the Hopf
bifurcation of the maglev system with PID controller, and
explained the reason for the maglev system to oscillate in
view of control parameter. But only few documents have
been found to study its time delay systematically.

Stability, bifurcation, and chaos of the non-autonomous-
retarded ordinary differential equation have been attracting
researchers’ attention over the past decades. Xu and Peil™
investigated the mechanism for the action of delayed speed
feedback control in non-autonomous system. The existence
and stability of the Hopf bifurcation were proved. Lil® dis-
cussed the problem of Hopf bifurcation for a class of nonlin-
ear differential equation system with time delays. The exis-
tence and stability of bifurcation periodic solutions for this
system was proved. J i proposed the stability and Hopf bi-
furcation condition of the two-degree-of-freedom magnetic
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bearing system with time delay. Gébor Stépan*®'! stud-
ied the bifurcation phenomenon in the traffic system, and
obtained the relationship between time delay, weight func-
tion, and system bifurcation. In the above documents, non-
linear system equation was reduced to simple normal form;
the dynamic character can be obtained by analyzing the
normal form.

Time delay is unavoidable in every part of the maglev
system. When experiments are performed, if time constant
is not set properly, limit cycle will appear easily. This phe-
nomenon is the objective of this article. We study the time
delay in the control loop and discuss the effect of the time
delay on the stability of the maglev system at the oper-
ating point. The Hopf bifurcation is also analyzed. This
paper will provide a foundation for the future research of
the dynamic behavior of the maglev system.

2 System modeling

The maglev system is shown in Fig. 1. The electromag-
net is suspended beneath the guideway. Here Mg denotes
the weight of the electromagnet, and F,, represents the
electromagnetic force of the electromagnet. Define z, and
zm as the absolute and relative displacements of the elec-
tromagnet in the vertical, respectively. zj, is the warp of
the guideway to the absolute reference. ¢ and v(t) are cur-
rent and voltage of the electromagnet winding, repectively.
Define guideway as the reference of the vertical displace-
ment, the sign is positive when moving direction is decend-
ing. The electromagnet is rigid, whereas the guideway is
flexible.
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Fig. 1

According to [1, 2, 5], the dynamic and electromagnetic
equations of the system are given as

. 12m — 1Zm
v=ri+ A 3
222,
Api?

422,

(1)

Mz, = Mg

(2)
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Za = Zm + 2n (3)

where A1 = N%u0So; po is magnetic permeability in vac-
uum, N is number of turns of coil, Sy is pole area of the
electromagnet; and r is resistance of the electromagnet.
The superscript “” denotes the differential to time ¢.
Feedback control should be added to the port voltage of
the electromagnet to keep it suspended beneath the guide-
way with the expected air gap z.. According to the control
algorithm given in [1], zm, Z, and %, are defined as the
feedback state variables. Substituting (2) into (3) yields

.\ 4r g — Za
Z”)Zl B MA, © @)

Za=(2a —2)(9 =

where v = kp(2Zar — Zme — 2hr) + kdZa + kaZa.

The values of the state variables at the working point
is (ze,0,0). Moving it to the origin, letting Z, = z4 — ze,
Za = %a, Za = %a, and deleting the overbar, (4) becomes

.2.:.0, - AQ(za +Ze)(g_éa) _AS V9 — éfa,(kpza +kdféar +kaéa)

(5)
where k,, kq, and k, are position, velocity, and accelera-
tion feedback control gains, respectively, Zor = Za(t — T)

represents speed feedback control signal with time delay,
A, — 4r A —
PTAC TR MA
Expanding (5) up to the third order Taylor series about
the operating point (zq, Zar, Z4), the expression is

'2.,’.(1 - (AQQ - \/§A3kp)za - \/§A3kd73a‘r -

(\/§A3ka + AQze)éa + f(za7 2';(17', éa) (6)
.. Aska ., Azkq .. . Askp
where f(za, Zar,2a) = Za + ZaZar + -
I ) = St + 5 G
Askq .3 Askq 2. Askp .2

+

AQ)Zaéa + Za%a +

V4 ZaRat
V7V 8¢
O(zfﬁ, 3 zﬁ) Because the structure of (5) is complicated,
we study (6) instead of (5) in the following sections. (6)
reserves nonlinearities of the system at the equilibrium and
is easy to be analyzed.

3 Stability analysis

To analyze the stability of the system at the equilibrium,
a general method is to linearize (6) at the origin and ignore
the track disturbance, and then study the trivial solution of
the linearized equation. Neglecting second and third order
terms in (6), the linearized system equation is

Za+ (\/§A3ka + AQZe)éa + \/§A3kdéa7+
(\/§A3kp - Agg)za =0 (7)

The characteristic equation of (7) is
DA, 7) =N’ + a1\’ + by + cidexp(—A7) (8)

where A is the eigenvalue, a1 = Azze + ka\/gAs, b1 =
\/§A3kp - Azg, Cc1 = kd\/gAg.

If the time delay in position, speed, and acceleration
(PSA) feedback is not taken into account, namely set 7 = 0,
then (8) becomes

DANT) =X +a X +ead+b (9)

Lemma 1. Roots of (9) have negative real part if and
only if a1 > 0, a1c1 > b1, b1 > 0.

Lemma 1 can be proved by Routh-Hurwitz stability cri-
terion.

If control delay is considered, Lemma 1 will not guar-
antee the local stability of the trivial solution. If the time
delay increases to a critical value, the stability of trivial
solution will be changed by crossing a Hopf bifurcation.

Equation (8) is transcenden‘cal[9]7 and may have an indef-
inite number of roots. It is difficult to get all roots explic-
itly. On the basis of the standard results on the stability
of functional differential equations"?, the trivial solution
of (7) is stable if and only if all roots of the characteristic
equation have negative real parts. Suppose the eigenvalue
of (9) is A = a+1i8, B> 0. Substituting it into (9) yields

a® —3aB%+ a10® —a18% + by + crae™®” cos(B7)+
c18e” " sin(Br) =0
3028 — 32 4 26108 — crae™ 7 sin(B7)+
c1fBe” T cos(BT) =0
(10)
The fixed point will change stability when Re(A) = 0,
where Re()\) is the real part of A. This can occur in
two different ways. First, a real eigenvalue passes through
zero when b1 = 0, where a simple steady bifurcation is
generated. Since the trivial equilibrium is always a fixed
point for (6) and the nonlinear terms are quadratic and cu-
bic, it could be expected that pitchfork bifurcations would
occur'?,
The second situation can occur if a pair of complex eigen-
values crosses the imaginary axis, i.e. A = £i3, a necessary
condition for Hopf bifurcation. In this case, (10) is simpli-

fied to
—a13% 4 b1 + c18sin(B7) =0
—B% 4 c18cos(BT) =0
Equation (11) is the stable boundary of the system at the

trivial fixed point. Eliminating sin(87) and cos(87) from
it yields

(11)

8%+ alB* — (2a1b1 + c1)B* + b1 =0 (12)

Letting v = 8%, (12) can be written as g(y) = v*+ai~*—
(2a1b14¢3)y+bi. Differentiating it with respect to v yields
—dgd(;’) =342 + 2a%v — 2a1b1 — 2. Defining 1 and 72 as its

two roots and supposing 1 > 2 and 2a1b1+¢7 > 0, we can

—af + \/af + 6a1b: + 33
3

obtain v = > 0. If v > 71, then

d%i(,z) > 0, and g(v) increases with v when v € [y1,+00).
If g(v1) < 0 holds true, then g(y) = 0 holds true with
v > 1. We have the following lemma.

Lemma 2. If 2a1b; 4+ ¢ > 0, v1 > 0, and g(y1) < 0,
then positive roots exist for (12).

From Lemmas 1 and 2, the boundary of the control pa-

rameter can be induced as

ka\/gAS - gA2

AQZE
\/§A3 ’ (A2ze + ka\/gAd)\/gAli
(13)

If Lemma 2 is satisfied, (10) will always have a pair of
pure imaginary eigenvalues +i03y. Solving (11), we obtain

A
kP>\/§A727ka> kd>

o 2nm

:F T, n:0,1,2,--- (14)
0] 0

Tn

. a135 — b
where 0 < ¢ < 27, cos(¥) = ot sin(¥) = T eBe
1 180
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If Hopf bifurcation exists, crossing condition must be
checked"'®). That is, when critical eigenvalue crosses the
imaginary axis, its speed is not zero. Differentiating (9)
with respect to A and 7 yields

d\ aN?e™

g 15
dr 32 +2a1 )\ +cie AT — i A Te™ AT (15)

Setting 7 = 7, and A = i, the real part of (15) is

Re[ﬁ] A=iBo  —c133 cos(BoTn)p + €183 sin(BoTn)g
dr T=Tn o p2 +q2
(16)
where p = =383 + c1cos(BoTn) — c1B0Tn sin(BoTn), ¢ =
2a1 00 — c1sin(Bon) — ¢180Tn cos(BoTr).
dA7A=i8
It is easy to testify that Re [d—] ’ # 0, and the cross-

ing condition is satisfied. Similar to the conclusion given in
[13], the local stability of trivial solution can be described
as follows.

Theorem 1. If condition (13) holds true, then
1) The trivial solution of (6) is asymptotically stable if
T € [0,70);
2) The trivial solution of (6) will not asymptotically stable
ifr>mand7#7 (n=0,1,2,---);
3)Ifr=r,(n=0,1,2,---), the characteristic equation
(8) has purely imaginary roots, i3, and a single Hopf bi-
furcation takes place.
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Fig.2 Relationship between control parameters and critical
time delay

This theorem indicates that the linear stability of the
trivial solution is time delay dependent. As the length
of the time delay changes, the local stability of the triv-
ial solution may also change. From the foregoing discus-
sion, it is easy to see that the critical value of time delay,
Te = 7o, is a function of non-dimensional feedback gains.
Fig. 2 shows the relationship between time delay and con-
trol parameters. The critical time delay 7. increases with
the increase of k;, and decreases with the increase of kq and
ko. The trivial solution is asymptotically stable when the
corresponding parameter is in the area below the curve.

4 Hopf bifurcation

Hopf bifurcation refers to the situation wherein when bi-
furcation parameter passes through critical values, periodic
motion may appear from stationary state. It has consan-
guineous connection with the emergency of self-oscillation
and is the way to connect local stability and unstable (pe-
riodic) motion. The above analysis has shown that if we
set time delay as the bifurcation parameter, when it equals
to critical value, the system may lose stability and Hopf
bifurcation occurs. In the experiments, if filter parameters
of the control loop are not properly selected, stable limit
cycle may appear. This section investigates the effect of
nonlinear terms in (6) and discusses the direction and sta-
bility of Hopf bifurcation. The reason for the occurrence
of limit cycle is studied. The analysis is based on center
manifold/Poincaré normal form method. Detailed descrip-
tion of the method can be found in [10, 11].

Defining state variable as X = [ Za Za  Za ]T, (6) can
be written as

X=LZ+RX.+F(t,X,X,) (17)
0 1 0
where L = 0 0 1 ,
Azg — \/§A3k‘p 0 —(\/§A3ka + Azze)
0 0 0 0
R=1|0 0 0 (,F=|0 |, X:=X{t—71).
0 —\/9gAsks O f
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4.1 Operator differential equation[w]

To transform (17) into a functional differential equation,
choose the phase space as C = C([-7,0],R?) . For any
¢ € C, define [|§]= sup_, -o-ol¢(0)] and X+(6) = X (t+0),
0 € [-7,0], thus X; € C. Equation (14) can be written in
the form of functional differential equation

X = DX, +FX, (18)
where D : C — C, F : C — C, and is defined as

de(6
D(0) = { T(e : 0el-r0) (19)
Lé(0) + Rp(—7) 6=0
0 0 S [_7-7 0)
£(£,(0))
£(t,6(0)) = Aﬁ $3(0) + A;’“gf@(ows(m +
f %D 55 (0) (61 (=) — 2nr) —
2A2(41(0) — zn)#3(0 ;\3/]:%(0) +
S5 a0630) ~ Asgan + VFAkyae +
Askn 42(0) (g1 (—7) — 200) (21)

8Ve

where ¢; is the elements of ¢, i = 1,2, 3.

From the discussion in the previous section, we know
that characteristic equation (8) has a pair of pure imagi-
nary eigenvalues A = £i8 when condition (13) is satisfied
and 7 equals the critical value. Therefore, C' can be split
into two subspaces as C = Py @ Qa, where Pp is a two-
dimensional space spanned by the eigenvectors of the op-
erator D associated with the eigenvalues A, and @4 is the
complementary space of Pj.

For any () € C*([0, 7], R?®), we define the adjoint op-
erator of D as

Bp(E)
D) =] ¢ £ (g
L*p(0) + R*$(r) ¢

and the bilinear form as

0
®.9) =9 (08(0) + | ¥ (E+IRSEOdE  (23)

where C* is the dual space of C, ¢ € C, ¥ € C*.
D*(0) and D(0) are adjoint operators.

Suppose that q1(0) and g2(0) are the eigenvectors corre-
sponding to the eigenvalue A1 = i3 , and satisfy

D(q1(9) + q2(0)) = iB(q1(9) + q2(0)) =
Dq.(0) = —(q2(0), Dq2() = £5q:1(0) (24)

According to the definition (16), (21) has the solution

o

Then,

= 81 cos(30) — S2 sin(30)

¢
— S5 cos(86) + Sy sin(86) (25)

where Si=[1 0 -2 ], 8%=[0 8 0]"

Similarly, q7 and g5 are supposed to be the eigenvec-
tors corresponding to the eigenvalue A7 = —i3, and their
solutions are

{ 38 } - { %2 }COSM) + [ }],V ]sin(wa) (26)

where N1 and Ny are 3 x 1 vectors. The orthonormality
conditions are known to be

(91,91) = 1,(g1,92) = 0 (27)
N, and N2 can be solved according to (27)
le[ ni1 n9 ns ]T,NQZ[ na ns Ne }T (28)

where B = [\/gAskqT sin(BT) W))? —

+ 2/8(1422:& + \/§A3k

Vg Aska(T cos(fr) + %)W + /G Aska(T cos(BT) —

sin(B7) 46 + 2,/GAska(T cos(BT) — Si“if” )
ﬁ )}, ns = B ,

e _  4B(A2ze + /gAska) + 2,/gAskar sin(57) ‘

ni,n2,n4,ns will not be used in tfe latter research, so
their expressions are not given here.

Now we introduce new variables: z1 = (q71,X+), 22 =
(g5,X+), and w = X¢ — z21q1 — 22q2 . According to (19)-
(28) and neglecting non-significant terms, Poincaré normal
form of (18) can be written as

Z1 = Bz2 +n3(g1(21, 22) + g2(21, 22, w1, w2, w3))  (29)

Zy = —fBz1 + n6(g1(21, 22) + g2(21, 22, w1, w2, w3))  (30)
w(0) = Dw(0) + g1 (21, 22) (neq2(0) — ns3qu(0)) +
g2(21, z2, w1, w2, w3)(neq2(0) — n3q1(0)) +

0 if 6¢€[-71,0)
0
0 it 6=0 (31)
g1(z1, 22)
4 Ask B2 Ask
h ~ _ 2 QA 6 3ha _ 3hp 2 _
where g1(21,22) (26°A2 + NG NG )21
BAska - BAska 5 (B4A3k [36A3k
23 122 W 122 8v/g 5 /3
~ 2 Ask,
g2(21, 22, w1, w2, ws)) = (ﬁ2 - 627\}9)11)1(0)21 +
ASkp BQASka BABkd
_ _ A _
(Q\f Vi 2)ws(0)z1 + NG w3 (0)22
ﬁ;\l‘}kd 2(—7)z1, w1, we, and ws are elements of w.

4.2 Center manifold reduction

The plane spanned by the eigenvectors ¢; and g2 is tan-
gential to the center manifold at the origin. This means
that the center manifold can be locally approximated as a
truncated power series of w depending on the second order
of the co-ordinates z1 and zs:

w(@) = 0.5’7,20(9)2% + h11(0)2122 + 0.5h02(9)2§ (32)

The unknown vectors hag, hi1, and hga(€ R3) can be ac-
quired by calculating the differentiation of w and consid-
ering (29)~(31). The boundary conditions are known to
be
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Lh2o(0) + Rhao(—
Lhi11(0) + Rhii(—7
Lhos (0) + Rho2(—7

B(h20(0) —
) - 2ﬁhu( )=0

) + 2ﬁh11(0) + 2a1t3 =0
h02

(33)
)) — a1t4 = 0(34)
(35)

The solutions of heg, h11, and ho2 can be written as

i hao(0) Hg H,
hi1(0) | = 0 + | H2 | cos(200)+
i ho2(0) Hy, —H;
I —H> —2a1ts — 2aat3
Hy |sin(280)+ | 20uts +asts Cozw %)
L H, —4asts + 4oty g
i 20e1ts — 2aaty :
2000t3 — @1ty Slng(ﬂ (36)
| daits + 20ty p
where a1 = [ —n3  —fne  [ns ]T,
as=[ —ns PBns B°ne ]T7
4 3
t3 = 26° Az + B Aska ﬂ Asky 0 ABkd.

2.9 29

NG

Substituting (36) into previous boundary conditions

yields (37).

The above derivation reduced the system to the center
manifold. This is a key procedure in calculating the Hopf

bifurcation.

4.3 Poincaré normal form

Hy, Hq, and H3 can be solved from (37). Substituting

them into (3
variables.

6), h2o(6), h11(0) and ho2() become known
We can solve (31) to obtain w(0) and w(—7).

Substituting them into (32) and (33), the Poincaré normal

form is obtained as

BEEE

the

j+k=2,3

>

3,k>0
j+k=2,3

>

3,k>0

which describes flow

(1)
Ak 2122

(38)

(2)
Ak 2122

restricted onto the two-

dimensional center manifold. The coefficient a Zk is a known

parameter.

Using the coefficients of the Poincaré normal

form (38), the so-called Poincaré-Lyapunov coefficient can

be determined by the Bautin formula

1

1 1 1
A = g5lak +agd)(—ad) +aif

86
86

1 2 2 1 1
5500 +at) ok’ - agy

(17]

(2) (2)) +

— Qo2

+a))+

g (3ag%)> + a<1) + a2 )4 3a(2>) (39)

Equation (39) determines the direction and stability of
the Hopf bifurcation. For example, if A < 0 (A > 0),
then the trivial solution is “attractor (repellor)”. Hopf
bifurcation at the critical value is supercritical (subcriti-
cal). That is, if time delay is larger than the critical value,
asymptotically stable (unstable) limit cycle arises around
the unstable equilibrium.

5 Numerical analysis

The Poincaré normal form of (6) was obtained and the
method to determine the character of Hopf bifurcation was
given in Section 4. To illustrate the above conclusions, con-
sider a system with N = 320, r = 0.5Q2, m = 500kg, po =
41 x 1077, ze = 0.008m, S = 0.0047m?, k, = 2000, kq =
200, k, = 10, and time delay is considered the bifurca-
tion parameter. It is easy to know that (6) only has triv-
ial solution and the single Hopf bifurcation takes place at
Bo = 20.3126, 7. = 0.0472784. Substituting system param-
eters into (37), (39) can be written as

= fBz2 + a zl + a51>zlzg + aE)Q)zQ + a(1>zl +
(1>21 2o + a<1)2122 + aéé)zg (40)
=—0z1+ a( )zl + a(z)zlzg + a< )22 + a( )z +
al? )2122 + a zlzz + a((B)zS’ (41)
where aly) = 281.688, al}) = —199.891, ay) = 0, a) =
—24264.7, o) = —3146.18, al}) = —9733.16, oy =
—150.353, ol = 638.29, a{2 = —452.944, a{2) = 0, o) =

Qo2 =
—54982.6, al? = —7129.09, al? = —22054.8, ag? =
—340.691.

From (39), it is computed that A = —14980.3, which
means the Hopf bifurcation is supercritical. When the triv-
ial solution of the system is unstable, the stable limit cycle
may occur.

To testify the result of the analysis, a 4th-order Runge-
Kutta method is used to search the numerical solution. Us-
ing the system parameters given above, the time delay is set
to be 7 = 0.045 and 7 = 0.05. The amplitude of the system
is restricted to [0.017,0.005] m. The system originates from
0.017m and is expected to suspend at 0.008 m. Response
curves for time history and phase trajectory are shown in
Fig.3. When 7 < 7., the trivial solution is asymptotically
stable. When 7 > 7. and 7 is near 7., stable periodic
motion occurs. That is the limit cycle that is induced by
Hopf bifurcation. The numerical result is consistent with
the theoretical analysis. Limit cycle may be brought into
occurrence by delayed speed feedback control.

L+ R L+ Rcos(287)
0 —281 — Rsin(287)
L+ R —L — Rcos(207)
2L(a1t4 — a2t3) —+ 2R(C¥1t3 — C!Qt4) Sin(ﬂT) =+ 2R(a1t4 + aztg) COS(ﬁT)

3 —L(2a1t3 — 02t4) —+ R(2a2t3 — a1t4) Sin(ﬂ’f) —
s 4L(a2t3 - a2t4) -+ 2R(2&1t3 + 02t4) sin(@tm') -+ 4R(a2t3 — a1t4) COS(ﬁT)

1

Qﬂf =+ RSin(QﬂT) Hy —10a1t3 — 202ty
L -+ RCOS(QBT) H1 = — *3(11154 -+ 2&2t3 +
72[3[ — RSin(ZﬂT) H-> doits + 20ty

R(2a1t3 + aata) cos(B7)
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Fig.3 Time history and phase trajectory of the system
((a) 7 =0.05; (b) 7 = 0.045)

6 Conclusion

Time delay existing in the control loop has strong im-
pact on the system performance. The relationship between
control parameter and critical time delay is obtained. We
also obtained the condition with which the Hopf bifurca-
tion may be induced by time delay. To study the rela-
tionship among time delay, Hopf bifurcation and system
stability, the method of center manifold/Poincaré normal
form is applied. The relationship among them is shown for
the first time: if time delay is much smaller than critical
value, its effect on the system can be neglected; otherwise,
stable or unstable periodic motion may occur, as a result of
which control gains must be regulated to retain the control
ability. This paper provides researchers with an in depth
understanding of the maglev system. It serves as a foun-
dation to improve and optimize the control ability of the
system.
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