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Abstract
We present Part 4 results of a comprehensive theoretical study of an ``electromaglev'' system, in which a high-temperature
superconducting bulk YBCO sample is levitated stably in a DC magnetic ®eld generated by magnet system underneath the
¯oating object. An electromagnetic analysis, based on a three-dimensional ®nite element technique (FEM) applied to the current
vector potential method, has been developed to determine the supercurrent distribution in a ®eld-cooled (and hence trapped-¯ux)
YBCO disk that levitates stably in a magnetic ®eld generated by the magnet system. The supercurrent distribution thus determined was in turn used to compute trapped-¯ux-induced ®eld pro®les of the disk and predict a ``levitation current'' in the
magnet system at which the disk, initially resting on a support plate, begins to levitate. Agreement between computed ®eld
pro®les and levitation currents and those measured in the experiment was excellent, validating the analysis itself and the method
used to derive solutions. The analysis demonstrates that the supercurrent distribution within a trapped-¯ux disk is far more
complicated than that derived from the Bean model for a long cylinder under a uniform axial magnetic ®eld. It is used for a
parametric study of the eects of disk dimensions (radius, thickness, radius/thickness ratio) and trapped-¯ux strength on supercurrent distribution and lift-to-weight ratio. The magnitude of the Br component generated by the magnet system is very
important for lift and it is shown that thinner disks rather than thicker disks can improve lift-to-weight ratio. Because accuracy
of the analysis is disk-size independent, small disks are time-ecient for performing the analysis. Ó 2000 Elsevier Science Ltd.
All rights reserved.

1. Introduction
We have been investigating an ``electromaglev''
(``active-maglev'') system in which a superconducting
bulk sample is levitated stably in a DC magnetic ®eld
generated by a magnet system [1±5]. Although levitation
parameters such as levitation height and lift do not depend directly on the sample's superconducting critical
current density, they do depend critically on the sam-
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ple's size and geometry as well as on the applied magnetic ®eld. Although ®eld solutions for disk samples
have been derived [6±8], they have not been applied in
great detail to the active-maglev system. This paper
presents analytical and experimental results of a study
on supercurrent distribution and lift generated in YBCO
disks, particularly on the dependence of supercurrent
distribution and lift on disk parameters ± radius,
thickness, radius/thickness ratio, and strength of trapped ¯ux.
The active-maglev system used to generate both experimental and analytical results consists of a YBCO
disk and a magnet system comprised of an electromagnet and a set of steel plates. The electromagnet is comprised of two double pancake coils, each coil wound
with silver-sheathed BSCCO-2223 tape; the steel plates
on which the electromagnet rests enhance the ®eld in the
upper region of the space. The entire system is operated

0011-2275/00/$ - see front matter Ó 2000 Elsevier Science Ltd. All rights reserved.
PII: S 0 0 1 1 - 2 2 7 5 ( 9 9 ) 0 0 1 2 5 - 3

894

M. Tsuda et al. / Cryogenics 39 (1999) 893±903

in a bath of liquid nitrogen. Two disk samples of the
same diameter and dierent thicknesses were investigated in the experiment and analysis, and results, experimental and analytical, are compared. In the analysis
presented in the previous paper [4], it is shown qualitatively that supercurrent in the disk ¯ows at the disk's top
and bottom layers as well as at the rim; the analytical
results on lift derived from this supercurrent distribution
agreed well with the experimental results. The previous
analysis [4] is based on the assumption that the Br
component of the self ®eld in the top layers and that in
the bottom layers, both produced by the disk supercurrent, do not contribute much to lift because the ``top
lift'' is nearly canceled by the ``bottom lift''. Similarly,
the ``top lift'' and ``bottom lift'' due to the magnet system's ®eld contribute a negligible amount to the main
lift created at the rim. It is noted here that this good
agreement achieved in the analysis is due in part to a
speci®c range of dimensional parameters ± radius,
thickness, radius/thickness ratio ± selected for those
disks; it is not applicable for any arbitrary range of the
parameters.
In a ®eld-cool process, a disk, initially normal, becomes superconducting in the presence of an external
magnetic ®eld. When the external ®eld is reduced to 0,
the pinning centers in the disk trap the ¯ux, leaving a
trapped ¯ux in the disk. Subsequently, when the external
®eld is applied, a supercurrent ¯ows over the disk's
surface layers to shield the interior from this changing
®eld.
Based on the Bean critical state model, as applied to a
long cylinder exposed to a uniform external ®eld, the
penetration depth is determined only by the magnitude
of external magnetic ®eld at the rim, as is assumed in the
zeroth-order theory [1±3]. That is, according to the zeroth-order theory the penetration depth for a given external ®eld is the same for all disks regardless of their
diameters. In a real active-maglev system such as the one
used in this and earlier experiments, the disk is not a
long cylinder nor is the external ®eld generated by the
magnet system uniform. The analytical study presented
earlier [4] and continued here develops a numerical
method to accurately compute this penetration depth,
and hence lift and the levitation stability. Another important use of this analysis is in the study of activemaglev systems of multi-disk samples comprised of
many small disks. We believe that such a multi-sample
system will ultimately be used to generate ``large'' lift
forces [5]. Ours adopts a three-dimensional ®nite element technique (FEM) based on the current vector potential (T) method [4,8,9]. Magnetic ®eld pro®les
measured for each disk sample are compared with those
computed by the analysis. Another key experimental
parameter compared between experiment and analysis
for a given set of operating conditions (disk dimensions,
®eld-cool ®eld) is the applied external ®eld ± expressed in

terms of ``levitation current'' in the magnet system ± at
which the disk just begins to levitate. It is shown in the
computed results that the disk supercurrent distribution
is closely related not only to the magnitudes of both the
external ®eld and the trapped ¯ux but to disk geometry.
The analysis also shows that for a given external ®eld at
the rim, the penetration depth in each surface, top and
bottom, depends on disk radius, thickness, radius/
thickness ratio, and the disk material's critical current
density (Jc ). Speci®cally, for the same disk thickness, the
penetration depth at the rim increases with radius; for
the same disk radius, it decreases with thickness. The
disk size eect is investigated in more detail through the
study of ``lift-to-weight ratios'' for each ``levitatee'' that
includes not only the lift-generating YBCO disk but also
the load placed on it; in lift-to-weight ratio computation, only the weight of the lift-generating YBCO disk is
included. The analytical results also indicate that for
computing the supercurrent distribution in a disk it is
the disk's radius/thickness ratio, not its radius or
thickness, that is a key parameter. This has an important
practical implication with ``large'' disks. Because the
cost of FEM would be less and computation time
shorter for a ``small'' disk than for a ``large'' disk, the
numerical analysis of a large disk may be performed
eciently with a small disk having the same radius/
thickness ratio as the large disk.
The eect of the magnitude of critical supercurrent
density, Jc , on supercurrent distribution is also investigated. As is evident from the zeroth-order theory, the
penetration depth generally decreases with critical supercurrent density, Jc . Also dependent on Jc are the
disk's magnetic ®eld pro®les and the external magnetic
®eld at which the disk starts to levitate; both increase
with Jc but the rate of increase for each becomes smaller
with Jc . These results in turn indicate that Jc in a superconducting disk sample can be deduced from measured ®eld and lift data.
2. Experimental setup and procedures
Because supercurrent distribution cannot be measured directly, two sets of measurements were performed
for each ®eld-cooled disk: (1) ®eld pro®le plots and (2)
the ``levitation current'', Ilev , the current in the magnet
system at which the disk begins to levitate. These experimental results are used to guide the analysis and
verify the ®eld pro®le plots and levitation current derived from the supercurrent distribution.
Fig. 1 is a schematic drawing of the cross-sectional
view of an active-maglev system used in the experiment.
In the ®gure, a YBCO disk, 2Rd in diameter and dd
thick, is shown a¯oat on the axis of and above a magnet
system, which is an electromagnet, comprised of a two
double pancake coils each wound with silver-sheathed
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Fig. 1. A schematic drawing of the cross-sectional view of an activemaglev system used in the experiment.

BSCCO-2223 tape, placed on steel plates. Placed in the
bore of the electromagnet is a support plate on which
the YBCO disk rests when it is not a¯oat. The entire
system is placed in a Styrofoam container ®lled with
liquid nitrogen boiling at 77 K. The key parameters of
the magnet system are given in Table 1. Also shown in
the ®gure is a Hall probe placed in the liquid just above
the disk and attached to an X±Y translator located
outside the Styrofoam container.
The experiment proceeds through the following steps:
1. Place a YBCO disk, initially in the normal state, on
the support plate in the presence of an external ®eld
generated by ``®eld-cool'' current, Ifc , in the magnet
system.
2. With the disk in the superconducting state, reduce the
magnet current to 0. The disk is now in zero external
®eld but with a trapped ¯ux, producing a magnetic
®eld.
3. Map this ®eld at speci®c distances above the disk's
upper surface with the Hall probe. Each set of ®eld
plots gives the axial component of the ®eld, Bz , at a
®xed axial location, zj , as a function of radial position, r, i.e., Bz zj ; r.
4. Increase the magnet current, initially at 0, to ``levitation'' current, Ilev , at which the disk, resting on the
support platform, begins to levitate.
In this experiment each ®eld-cooled (Ifc  10 A)
YBCO disk was examined for its ®eld symmetry about
the z-axis, because only those disks with this symmetry
could be used to test the analysis. Indeed there were a
few disks that showed an unmistakable asymmetry in

Table 1
Magnet system parameters
Parameter

Value

Winding (coil form) i.d. (mm)
Winding (coil form) o.d. (mm)
Winding (coil form) height (mm)
Number of double pancake
Total number of turns
Nominal maximum Iop (A)
Field at 0; 0 @19 A
Steel plate o.d. (thickness) (mm)

70 (66)
123 (127)
17 (22)
2
364
19
0.157
340 (25)
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the ®eld pro®les, implying the presence of defects within
these disks. Among those disks having ®eld symmetry,
two disks were selected for the experiment, one with
Rd  5 mm and dd  2 mm ± designated Disk5=2 ± and
the other Rd  5 mm and dd  4 mm, Disk5=4 . For both
disks, the magnetic ®eld pro®les were measured at
magnet currents of 0 and 10 A after ®eld-cooled at
Ifc  10 A, while Ilev was measured for Ifc of 7, 10, and
13 A.

3. Formulation
3.1. FEM
As mentioned above, to derive the conditions of lift
and stability more rigorously, the supercurrent distribution in a ®eld-cooled YBCO disk must be determined
more accurately. In the previous paper [4], we developed a method to determine the supercurrent distribution and Ilev values both of which agreed well with
experimental values. When comparison was extended to
include ®eld pro®le data, however, the earlier method
proved inadequate. We believe this inadequacy stems
from inaccuracy in the supercurrent distribution. Speci®cally, we believe that a conventional method based
on the Bean critical state model applied to an in®nitely
long cylinder does not lead to a valid supercurrent
distribution in a disk. Therefore, a three-dimensional
FEM based on the current vector potential (T) method
[4,8,9] has been adopted in this study, with the eect of
disk geometry included. The current vector potential T
is de®ned by
r  T  J;

1

rT0

Coulomb gauge;

2

nT0

on the surface:

3

Using the Helmholtz formula, we derive the governing equation
 
Z
1
oT l0
oTn
1
r

dS
r  r  T  lo Cp
rs
ot 4p S ot
r
oB0
;
4
ÿ
ot
where n is the directional vector normal to the surface;
rs is, as discussed below, an ``appropriate'' conductivity of the superconductor; Cp the ratio of solid angle
to 4p; Tn the current vector potential in the n-direction;
r is the distance between source and point of computation; and B0 is the magnetic ¯ux density generated
by the magnet system. The magnetic ¯ux density, B0 ,
is calculated by an equivalent current method (ECM)
[4,10].
Based on the assumption that both the disk sample
and the magnetic ®eld distribution produced by the
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supercurrent. Using the Ball , we obtain an expression for
lift, Fz :
Z
Z
Ne
X
ÿJh Brall dV 
ÿ2pJh e Brall r dr dz;
8
Fz 
V

Fig. 2. Left-hand side: rectangular cross-section of the disk, sliced
axially in the radial direction from the center to Rd ; right-hand side:
rectangular plane is segmented into right-angled triangle elements.

magnet system are symmetric with respect to the z-axis,
Eq. 4 can be solved as a axisymmetric problem, as
shown in Fig. 2. Here a rectangular cross-section of the
disk, sliced axially in the radial direction from the center
to Rd (left-hand side of Fig. 2), is segmented into rightangled triangular elements (right-hand side of Fig. 2).
To take into account that supercurrent is concentrated
at the rim, smaller elements are used near the rim. Supercurrent density is evaluated at each element's center
of gravity and assigned for the entire element. In applying this conventional eddy current approach to
shielding supercurrent analysis, we use the following
constituent equations [9]:
J  rs E;
oJ
0
ot

rs 

Jc
jEj

E  0:

E 6 0;

e1

e

where Ne is the number of elements and Brall is the rcomponent of the total magnetic ¯ux density produced by the magnet system and the disk's supercurrent.

4. Results and discussion
4.1. Magnetic ®eld Pro®les
Fig. 3 presents Bz r; Dz plots for ®eld-cooled (Ifc  10
A) Disk5=2 resting on the support plate; the symbols are
measured data and lines are computed. In each set
symbols are measured and lines are computed; error
bars indicate uncertainties in the measured ®eld data.
The three lower sets of plots are with the magnet at 0 A,

5
6

The numerical scheme follows an iterative process in
which the conductivity of each element is adjusted to
make the amplitude of the current density in that element equal to Jc . Note that Jc is assumed constant
throughout the disk. As explained in the previous paper
[4], penetration depths at the top and bottom surfaces
are relatively small compared with that at the rim.
Therefore, the number of elements in the z-axis direction
is also very important to properly model the thin penetration depth at each surface.
Considering this requirement of penetration depth at
each surface and a computer memory restriction, we
arrived at an adequate number of meshes to insure a
certain degree of accuracy in our solutions through
repeated calculations, each time with a dierent mesh
size. Based on the solution of T in Eq. 4, supercurrent
density in each element is calculated through Eq. (1).
The total magnetic ¯ux density inside the disk, Ball , is
given by
 
Z
l0
1
Tn r
dS;
7
Ball  B0  Be  B0  l0 Cp T 
4p S
r
where B0 is the magnetic ¯ux due to the magnet system
and Be is the magnetic ¯ux density induced by the disk's

Fig. 3. Bz r; Dz plots for ®eld-cooled (Ifc  10 A) Disk5=2 resting on the
support plate. In each set symbols are measured and lines are computed; error bars indicate uncertainties in the measured ®eld data. The
three lower sets of plots are with the magnet at 0, while the top set is
with the magnet charged to 10 A. Data points and corresponding lines
at the following values of Dz: circles, 1 mm; squares, 2 mm; triangles,
3 mm.
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Table 2
Measured and computed values of Ilev for Disk5=2 and Disk5=4
dd (mm)

Ilev (A)
Ifc  7 A

Ifc  10 A

Ifc  13 A

2

9.4
(9.5)a

11.7
(11.8)

13.9
(13.8)

4

10.4
(10.6)

12.6
(12.5)

14.9
(14.7)

a

Values in parentheses are computed.

where Md and Vd are, respectively, the disk's mass and
volume and .LN2 is the density of liquid nitrogen. The
analytical values of Ilev for both disks are also presented
in Table 2. Here too agreement between measurement
and computation is quite good. This good agreement,
along with the good agreement achieved in ®eld pro®le,
strongly validates the method used in the analysis to
determine supercurrent distribution.
4.3. Jc : a parametric study

Fig. 4. Bz r; Dz plots for ®eld-cooled (Ifc  10 A) Disk5=4 resting on the
support plate. Note that because D5=4 is 2 mm thicker than D5=2 , the
Hall probe location in Fig. 4 is higher than 2 mm for the same values of
Dz in Fig. 3.

while the top set is with the magnet charged to 10 A.
Data points and corresponding lines at the following
values of Dz: circles, 1 mm; squares, 2 mm; triangles,
3 mm Fig. 4 presents similar plots for Disk5=4 with the
symbols and curves corresponding to those in Fig. 3.
Note that because Disk5=4 is 2 mm thicker than Disk5=2 ,
the Hall probe location in Fig. 4 is higher than 2 mm
from the center 0; 0 for the same values of Dz in Fig. 3.
In both Figs. 3 and 4 error bars indicate uncertainties
in the measured ®eld data. Agreement between measurement and computation is quite good, con®rming
that the supercurrent distribution used in the analysis is
valid.
4.2. Lift
For each disk an average value of Ilev was determined
from several measurements for each of ®eld-cool currents Ifc of 7, 10, and 13 A. The average values of Ilev for
both disks are given in Table 2. In the analysis, Ilev is
de®ned as the magnet current at which lift, Fz , is equal to
the disk weight, Md g, modi®ed to include the buoyancy
of liquid nitrogen
Fz  Md ÿ Vd .LN2 g;

9

In the analytical results presented above, a value of
3  108 A/m2 was chosen for Jc because the supercurrent distributions that resulted from it gave ®eld pro®les and Ilev values that agreed well with experimental
results. We present here results of a parametric study of
Jc on ®eld pro®les and Ilev . Such a study is important
because in a real active-maglev system that is to generate a large lift force, a disk con®guration of either a
single YBCO disk with a diameter exceeding 300 mm
or multiple disks each no greater than 100 mm would
be required [5]. The latter con®guration is more likely,
and to make the matter even more complicated, there
will unquestionably be a variation in Jc among these
disks, which may negatively impact the levitation
performance.
Fig. 5 shows DBz r; Jc ; Jc0  plots for ®eld-cooled
(Ifc  10 A) Disk5=2 at Jc values of 1  108 , 2  108 ,
4  108 , and 5  108 A/m2 , with a reference Jc0 at 3  108
A/m2 . Here DBz r; Jc ; Jc0  is de®ned as the dierence in
Bz r corresponding to Jc and that corresponding to Jco .
The plots in Fig. 5(a) are with the magnet idle, while
those in Fig. 5(b) are with the magnet charged to 10 A.
Both Fig. 5(a) and (b) show that values of j DBz j are
signi®cantly greater when Jc < Jc0 than when Jc > Jc0 .
We believe that this asymmetry of j DBz r j with Jc0 ÿ Jc
sign is attributable to the size of the penetration depth ±
the greater the Jc the thinner the penetration depth
generally will be and the ®eld pro®le approaches rapidly
the asymptote pro®le of an in®nitely thin penetration
depth. This in¯uence of penetration depth thickness can
also be observed as the DBz maximum, which occurs
near r  4 mm in each plot, moves towards the rim with
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Fig. 6. Ilev vs Jc plots for Disk5=2 at three dierent ®eld-cool currents, Ifc
of 7, 10, and 13 A; points are experimental.

magnet idle (Fig. 5(a)) than with the magnet energized
(Fig. 5(b)).
Fig. 6 shows Ilev vs Jc plots for Disk5=2 at three dierent
®eld-cool currents, Ifc of 7, 10, and 13 A; three points are
experimental. Again, as the penetration depth converges
towards zero thickness with increasing Jc , Ilev approaches an asymptote for each Ifc . Values of Jc determined from experimental values of Ilev are 2:6  108 ,
2:6  108 , and 3:2  108 A/m2 for Ifc , respectively, of 7,
10, and 13 A; all are o slightly from Jc0 .
4.4. Supercurrent distribution in ®eld-cooled disk

Fig. 5. DBz r; Jc ; Jc0  plots for ®eld-cooled (Ifc  10 A) Disk5=2 for Jc
values of 1  108 , 2  108 , 4  108 and 5  108 A/m2 , with a reference
Jc0 at 3  108 A/m2 . DBz r; Jc ; Jc0  is de®ned as the dierence in Bz r
corresponding to Jc and that corresponding to Jc0 . (a) Magnet system
idle; (b) magnet system charged at 10 A.

increasing Jc and also as the DBz minimum, which too
occurs near r  4 mm moves towards the center with
decreasing Jc . The maximum/minimum locations of
r  4 mm for Disk5=2 imply that for a 10 mm £ disk the
most eective locations for ®eld measurement, if the
measurement is to be limited only to a few spots, are in
the vicinity of r  4 mm. Because the external ®eld of
the magnet obviously obscures the disk's own ®eld, the
dependence of DBz on Jc is more evident with the

Fig. 7 shows supercurrent density distributions, in the
rectangular z±r plane, for ®eld-cooled (Ifc  10 A)

Fig. 7. Supercurrent density distributions, in the rectangular z±r plane,
for ®eld-cooled (Ifc  10 A) Disk5=2 (left) and Disk5=4 (right) with the
magnet idle.
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Fig. 9. Supercurrent distributions for 2 mm thick disks of three radii:
Disk2:5=2 (white circles for J); Disk5=2 (gray for J); and Disk10=2 (black for
J).
Fig. 8. Supercurrent density distributions of Disk5=2 (left) and Disk5=4
(right) for Ifc  10 A and the magnet recharged to 10 A.

Disk5=2 (left) and Disk5=4 (right) with the magnet idle.
Fig. 8 shows similar results ... recharged to 10 A. In
these and subsequent ... highlighted bullet (3  108 A/
m2 ). For example, Disk5=2 with Ifc  10 A and zero
magnet current (Fig. 7 left-hand side distribution), small
bullets near the top and bottom surfaces in the region
r < 2 mm indicate that J in this region is much smaller
than 3  108 A/m2 ; tiny dots over the entire interior area
furthermore signify, unlike the Bean critical state model,
the ubiquitous presence of very small but nonetheless
non-zero supercurrent over the entire body of the disk.
Note that the penetration regions in the top and
bottom surfaces increase their depth with r, converging
with the penetration region at the rim, which is relatively
constant in the z-axis. This constant penetration depth
with z at the rim is more evident with a thicker disk,
Disk5=4 (Fig. 7 right-hand side distribution). Although
both disks are exposed to ... greater than Disk5=4 's.
Disk5=2 's penetration depth is greater because ... top and
bottom surfaces. As evident from Fig. 8, thinner disk
(Disk5=2 , left-hand side distribution) and thicker disk
(Disk5=4 , right-hand side distribution), and also predictable from the Bean model, an induced supercurrent
¯ows in the opposite direction when the magnet is reenergized, in this case from 0 to 10 A.
4.5. Disk parameters on supercurrent distribution
Unlike an in®nitely long cylinder under a uniform
axial magnetic ®eld, a disk, as seen in Figs. 7 and 8 for
Disk5=2 and Disk5=4 , has a supercurrent distribution that
is quite complicated. It depends not only on external
magnetic ®eld but also the disk's geometry and the
strength of its trapped ¯ux. Although results of Disk5=2
and Disk5=4 have already depicted supercurrent distributions for disk-shaped samples in general, the eects of
a disk's speci®c parameters have not been addressed.
These parameters include radius, thickness, radius/

thickness ratio, and strength of trapped ¯ux are discussed below.
In the results presented below in which dependence of
supercurrent distribution on each of these disk parameters is analyzed, we have set Jc  1  108 A/m2 , rather
than Jc0  3  108 A/m2 , to amplify the eect of each
parameter on supercurrent distribution. Also kept constant in the analysis is the external ®eld, which is also
assumed uniform.
Radius: Fig. 9 shows supercurrent distributions for
2-mm thick disks of three radii: Disk2:5=2 (white circles
for J); Disk5=2 (gray for J ); and Disk10=2 (black for J ).
Even with the external ®eld being held constant, thickness of the penetration depth at the rim increases with
disk radius. This is because the greater the disk size, the
larger becomes the interior area, hence more supercurrent is required, which in turn requires a larger penetration depth.
Thickness: Fig. 10 shows supercurrent distributions
for 5-mm radius disks of three thicknesses: Disk5=1 (white
circles for J); Disk5=2 (gray); and Disk5=4 (black). Here the
penetration depths at the top and bottom surfaces decrease with thickness; the same trend is observed for the
penetration depth at the rim. That is, the thicker the
disk, the closer it approaches the ``Bean disk,'' which is
an in®nitely long cylinder.
Trapped ®eld: The penetration depth also changes
with Ifc and magnet current. Fig. 11 presents supercurrent distributions in Disk5=2 for ®eld-cool currents of: 5 A
(white circles for J); 10 A (gray); and 20 A, (black), all at
zero magnet current. The penetration depths at all three
surfaces become thicker with trapped ¯ux, virtually
making at Ifc  20 A the region of constant penetration
depth at the rim disappear. These results appear to imply that the smaller the trapped ¯ux, the ®ner mesh sizes
are required to accurately map the supercurrent distribution. Also, it is noted that the smaller the trapped
¯ux, the better the distribution resembles the Bean distribution.
Radius/thickness ratio: By displaying supercurrent distributions of several disks of dierent radius,
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Be0 

Fig. 10. Supercurrent distributions for 5 mm radius disks of three
thicknesses: Disk5=1 (white circles for J); Disk5=2 (gray); and Disk5=4
(black). Note that both black and gray circles are clearly visible only
over the upper half of respective disks.

l0
4p

Z
V

J  RQP
dV ;
R3QP

10

where RQP is the vector directed from source point to
®eld point with j RQP j representing the distance between them and J is supercurrent density, which is
assumed constant. In Eq. 10, we further assume that
the relative position of the supercurrent ¯owing region
and non-¯owing region is the same in each disk. When
both radius and thickness are increased by a factor of
n, then so are dV , and RQP , resulting in Be0 , which is n
times the original. This implies that if radius, thickness, trapped ®eld, and Be0 are each increased by n, the
size of each right-angled triangular element, currentcarrying or not, is increased by n as well as the element's z and r distances from the reference point. That
is, the supercurrent's total area (in the disk's crosssection) is increased by n2 and its distribution relative
to reference points, e.g., the four corners of the rectangular plane, remain the same: penetration depth
at every surface becomes n times thicker than the
original.
Fig. 12 shows a supercurrent distribution for Disk2:5=1 ,
which has a radius/thickness ratio of 2.5, with
Jc  1  108 A/m2 . Similarly, Fig. 13 shows a distribution for Disk1:25=1 , which has a radius/thickness ratio of
1.25, with Jc  1  108 A/m2 . In Fig. 12, distributions
for Disk5=2 and Disk10=4 , also of a radius/thickness ratio
of 2.5, have been omitted because they look similar to
that of Disk2:5=1 . For the same reason distributions for
Disk2:5=2 and Disk5=4 , both having the same radius/
thickness ratio as Disk1:25=1 have been omitted in Fig. 13.
The results of Figs. 12 and 13 demonstrate that supercurrent distribution is invariant with both radius and
thickness if their ratio remains a constant. The results
further indicate that supercurrent distribution can be
obtained with the same degree of accuracy regardless of

Fig. 11. Supercurrent distributions in Disk5=2 for three ®eld-cool currents of: 5 A (white circles for J); 10 A (gray); and 20 A (black), all at
zero magnet current. Note that both black and gray circles are masked
over most of the region.

thickness, and trapped ¯ux, we have demonstrated the
dependences of supercurrent distribution on these disk
parameters. To further this parametric study, we present
here results for disk radius/thickness ratios of 2.5 and
1.25 with the following disks: Disk2:5=1 (2.5 mm radius,
1 mm thickness), Disk5=2 , Disk10=4 ; Disk1:25=1 , Disk2:5=2 ,
Disk5=4 .
The magnetic ¯ux density within a disk, Be0 , due to its
supercurrent is obtained by the Biot±Savart law

Fig. 12. Supercurrent distribution for Disk2:5=1 (radius/thickness: 2.5)
with Jc  1  108 A/m2 .
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too small to lift the disk itself.) We may de®ne fm=l as the
ratio of Fzmag to Fz :
fm=l 

Fig. 13. Supercurrent distribution for Disk1:25=1 , (radius/thickness:
1.25) with Jc  1  108 A/m2 .

disk radius; what matters is the radius/thickness ratio.
Because in a typical FEM analysis, the number of elements required is proportional to disk size, the analysis
becomes more time-ecient with small disks.
4.6. Lift-to-weight ratio

Fzmag
:
Fz

The larger the fm=l , the less will be the dependence of lift
on supercurrent.
Fig. 14 presents fl=w and fm=l for seven disks
(Ifc  10 A), each with a magnet current of 10 A ( Ifc ),
i.e., fl=w < 1. Although fl=w for a given thickness is relatively constant with radius, for a given radius it decreases with thickness. Dependences of frmm=l on
dimensions, on the other hand, are just the reverse: for a
given thickness it increases with radius and for a given
radius, it is nearly constant with thickness.
The relationship between radius and fl=w is more
complicated than between thickness and fl=w . This is
because the change of Brall in the r-direction, which is
much larger than that in the z-direction, aects the
magnitude of lift greatly. fl=w depends on relative increasing rates between weight and magnitude of Brall in
the region where supercurrent is ¯owing. Referring to
Fig. 14, note that comparing Disk5=2 with Disk2:5=2 , both
2 mm thick disks, Disk5=2 has a smaller fl=w than
Disk2:5=2 . On the other hand, comparing Disk10=2 with
Disk5=2 , also 2 mm thick disks, Disk10=2 has a greater
fl=w than Disk5=2 . This is because the rate of increase in
weight is greater than the rate of increase in lift for
Disk5=2 than Disk2:5=2 , while the opposite is true for
Disk10=2 and Disk5=2 . The results for 4 mm thick disks
are similar.

Lift-to-weight ratio, fl=w , is an important performance
parameter of the active-maglev system; it is de®ned as
the ratio of a lift force Fz created in the YBCO disk to
the disk weight, Md g:
fl=w 

Fz
:
Md g

11

In a practical active-maglev system its electromagnet
current must exceed Ifc to generate Fz that is greater than
Md g, because the disk must generally carry a load. There
are two sources of the r-component of the magnetic
induction that interacts with the disk supercurrent and
generates Fz : (1) Brmag , generated by the magnet system
and (2) Brdsk , generated by the disk supercurrent. The lift
due to Brmag , Fzmag , is given by
Z
ÿJh Brmag dV
Fzmag 
V



Ne
X
e1

Z
ÿ2pJh e

e

Brmag r dr dz:

12

For electromagnet currents that exceed Ifc , the system
achieves Fzmag > Md g or fl=w > 1. (The lift due to Brdsk is

13

Fig. 14. Values of fl=w and fm=l for seven disks.
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Fig. 15. Lift density distributions for ®eld-cooled (Ifc  10 A) Disk5=2
(left) and Disk5=4 (right) with the magnet energized at 10 A.

In Fig. 14 each disk has fm=l > 0:75 and, as stated
above, fm=l increases with radius for a given thickness.
This implies that most of the lift is due to the external
magnetic ®eld and its contribution increases with radius. The dierence in the rates in the change of Bz and
that of Br in the z-direction results from dierent
supercurrent distributions in the top and bottom layers
and this dierence produces lift. The portion of the
total lift generated by the ®eld generated by the
supercurrent is relatively small, particularly in large
disks because in large disks the contribution to the lift
by Brmag is large. This dierence in contribution to the
lift can explain our results presented in the previous
paper, [4] where agreement in the results of lift between
experiment and computation is better with large disks
than with small disks. From these results, we conclude
that the magnitude of the Br component generated by
the magnet system is very important and that thinner
disks rather than thicker disks can improve lift-toweight ratio.
Fig. 15 shows lift density distributions for ®eld-cooled
(Ifc  10 A) Disk5=2 (left) and Disk5=4 (right) with the
magnet energized at 10 A. In each distribution, each
right-angled triangular element is assigned a bullet, either black or white, representing force density with its
size scaled to the highlighted black bullet of 5  106 N/
m3 . Each black bullet represents a positive lift density,
while each white bullet represents a negative lift density.
Note that most of the lift is generated at the corners.
This is because the magnitude of Brall ± generated by
both disk and magnet system ± at the top and bottom
layers is much larger than that at the middle of the rim,
where the ®eld due to the supercurrent in the top layer is
canceled by the ®eld due to the supercurrent in the
bottom layer.

5. Conclusions
An electromagnetic analysis, based on a three-dimensional FEM applied to the current vector potential

method, has been developed to determine the supercurrent distribution in a ®eld-cooled (and hence trapped
¯ux) YBCO disk that levitates stably in a magnetic ®eld
generated by the magnet system. The supercurrent distribution thus determined was in turn used to compute
trapped-¯ux-induced ®eld pro®les outside the disk and
predict a current through the magnet system at which
the disk, resting on a support plate, begins to levitate.
Agreement between computed ®eld pro®les and ``levitation'' current and those measured in the experiment
was excellent, validating the analysis itself and the
method used to derive solutions. The analysis demonstrates that the supercurrent distribution within a trapped-¯ux disk is far more complicated than that derived
from the Bean model for a long cylinder under a uniform axial magnetic ®eld. It is used for a parametric
study of the eects of disk dimensions (radius, thickness,
radius/thickness ratio) and trapped ¯ux strength on supercurrent distribution and lift-to-weight ratio.
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