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1 BACKGROUND 
Generally, thin steel plates are used in the electric 
industry, a space industry, the auto mobile industry, 
and so on. Then, while the products of high quality 
are required, the demand of quality steel plates such 
as coated steel plates, surface treatment plates and 
steel plates that performed high tensionization is 
also increasing. In the process which manufactures 
products using steel plates, generally they are con-
veyed with rollers. However problems, such as peel-
ing of plating and cracks, are arisen by contact fric-
tion of steel plates and rollers. As a result, it is 
necessary to rework steel plates after conveyance, 
and losses happen in terms of cost or time. There-
fore, the magnetic levitation of steel plates which do 
not have contact is researched. 

In this system, feedback control using displace-
ment sensors is needed for stable levitation. More-
over, when flexible steel plates are used in magnetic 
levitation, they are easy to generate vibration mode 
and be bended. Furthermore, since the position of 
loops or nodes changes by vibration mode, devices 
are required for arrangement of electromagnets. As a 
solution of these problems, support / vibration con-
trol of a steel plate with plural electromagnets is 
raised. However, the sensors of the same number as 
electromagnets are required, and it costs at a large-
scale conveyance line. In addition since sensing 
points differ from the magnetic pole parts which are 
the points of action of power, differences of phases 
happen, and levitation becomes unstable. Then, the 
method of reducing the number of the sensors as 
much as possible is required, which is given the 
same levitation / conveyance accuracy as the case 
where sensors are used (1). The real-time vibration 
analysis technique using FEM (FEM: Finite Element 
Method) is suggested as one of the method. In this 
system, the thin steel plate used as the object for 
levitation is modeled with FEM, and vibration con-

trol considered the dynamic vibration state is per-
formed. Thereby, it becomes reducible the number 
of the sensors. Furthermore, by using FEM, it be-
comes analyzable at various boundary conditions, 
and the optimal vibration suppression control can be 
expected toward vibration which changes every 
moment. 

In This paper, first we compare real vibrations 
and analysis results by FEM with forced vibration in 
order to decide the optimal number of element divi-
sion. Next, by independent control, the phase char-
acteristic and amplitude characteristic of real vibra-
tion and analysis result are discussed. Finally, in 
order to make FEM applied to a magnetic levitation 
system, the state equation of FEM is developed and 
the stability on a frequency response is discussed. 

2  VIBRATION ANALYSIS BY FEM 

2.1 Vibration Analysis Technique Using FEM 
Fig.1 is the conceptual diagram of estimated position 
using the vibration analysis by FEM. In this system 
displacement z1 fed back from the gap sensor1 and 
attractive forces by the electromagnet1 and the elec-
tromagnet2 are considered as the input of FEM. 
Then, vibration generated in the position of the elec-
tromagnet2 is analyzed one after another. The ana-
lyzed displacement is fed back to an electromagnet2 
and sensorless control of the electromagnet2 is car-
ried out. By this system, the constitution of the sys-
tem which reduces the number of the gap sensors is 
attained.  

First, an analysis program is created based on the 
equation of motion of the beam in much flexibility 
(discrete). 
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problem. To avoid the problem, the non-contact carrier systems using the attractive force of the electromagnet 
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Figure 1. The conceptual diagram of the levitation system us-

ing estimated position according to FEM 

2.2 Dispersion of Equation of Motion by FEM 
The thin steel plate used by this study are length 500 
mm, width 100 mm and thickness 0.8 mm. thickness 
is sufficiently small compared with the length. For 
the reason, the beam is modeled using assumption of 
Bernoulli-Euler. 

The equation of beam is represented by Ber-
noulli-Euler as shown in equation (1). 
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Here M: Mass per unit length (kg/m), C: Damping 
coefficient (Ns/m2), I: Moment of inertia of section 
(m4), E: Young’s modulus (N/m2), z: Amount of dis-
placement (m), f: External force (N/m) 

The matrix equation of motion calculated by the 
dispersion model of the beam is shown in equation 
(2). 

[ ]{ } [ ]{ } [ ]{ } { }M a C v K Fχ+ + =  (2) 

Here [M]: Inertia matrix, [C]: Damping matrix， 
[K]: Stiffness matrix, { }a : Acceleration vector, { }v : 

Rate vector, { }χ : Displacement vector, { }F : Exter-
nal force vector 

The inertia matrix, the damping matrix and the 
stiffness matrix are shown in equation (3), equation 
(4) and equation (5). Here l (m) is the length per unit 
element and m (kg) is the weight per unit element. 
From equation (2) displacement is calculated by 
backward-difference approximation. The equation of 
displacement is shown in equation (6). 
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2.3 Flow of Vibration Analysis by FEM 

The flow of an analysis program is shown in Fig.2. 
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Figure 2. Flow chart of the analysis calculation by FEM 
 

Since the analysis is conducted on real time, it is 
necessary to reduce the time. Then, the inverse ma-
trix of K⎡ ⎤⎣ ⎦  matrix is determined before the analysis. 
The initial condition of the analysis sets displace-
ment, speed and acceleration at zero. Moreover, the 
external force by gravity is considered in addition to 
the attractive force in the point of action. After { }F  
vector is calculated, displacement is estimated using 
equation (6). The calculation performed within a 
control cycle becomes from calculation of { }F  to 

calculation of displacement{ }tχ . 

3 STUDY OF REAL VIBRATION AND 
ANALYSIS RESULT 

3.1 Comparing Study of Real Vibration and 
Analysis Result by Forced Vibration 
Fig.3 is the model of the test prototype using a vi-
brator. 
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Figure 3. Forced vibration system 
 
Vibration of amplitude 0.5 - 1 mm and frequency      

5 Hz - 15 Hz is given by a vibrator. The number of 
the element divisions is set to 120,150,200, and the 
vibration of the beam is analyzed. The frequency 
characteristic of the analysis result on real vibration 
in the central point (250 mm) of a beam is shown in 
Fig.4. 
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(a) Amplitude characteristic 
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(b) Phase characteristic 

Figure. 4. The frequency characteristic of the analyzed result   
in real vibration 

 
From Fig.4, an amplitude characteristic has a 

resonating point in 8 Hz, and phase characteristic 
has a resonating point in 9.6 Hz. In an amplitude 
characteristic, it can check that the result of the 
analysis is intense change with few divisions. The 
phase characteristic with 200 element divisions has 
late of the phase about 58 deg after 9.6Hz. It is 
thinkable that the analysis time is long toward the 
velocity of the wave between elements. In each 
number of the divisions, the rate of the analysis time 
toward the velocity of the wave between elements is 
120:150:200= 1:1.5:2.6. We confirmed that a differ-
ence of phase characteristics also had an alteration 
of the mostly comparable ratio.  

When the accuracy of the analysis and the real 
vibration toward change of the number of the ele-
ment divisions are compared, gain characteristics 
and phase characteristics have a relation of the trade-
off. Therefore, in consideration of mounting to a 
magnetic levitation system, it is necessary to deter-
mine the optimal number of the divisions. When 
FEM is used as substitution of a sensor, it considers 
that a difference of phase characteristics works at-
tractive force for reverse, and makes levitation un-
stable. For the reason if the number of the divisions 
is determined taking notice of phase characteristics, 
it will be thought that 120 divisions with few differ-
ences of a phase is the optimal. 
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3.2 Levitating Experiment by Independent Control 
The levitating system by independent control is 
shown in Fig.5. 
 

χ2n-1 χ2n-y

thin steel plate

gap sensor1

Fixed end

……

n …… 3 2 1n-1n-2 n-3

electromagnet2

node 

gap sensor2
electromagnet1

 
Figure 5. Vibration analysis model of thin steel plate 

 
An electromagnet2 and a sensor2 are installed in 

the center of a beam, and a levitating experiment is 
conducted by independent control. It performs com-
paring of real vibration and analysis results gener-
ated at the time of levitation when changing a con-
trol cycle and the number of the element divisions.  

In this experiment, the fiducial point of a levitat-
ing gap shall be 2.5mm. Levitation of thin steel plate 
was examined that stable levitation was done by 
0.8msec or less. However, stability was low and be-
came vibration-like at 1.2msec. It is thought that the 
cause is the delay time by means of a time sampling. 
The phase differences and the amplitude differences 
in each number of the element divisions are shown 
in Fig.6.  

From Fig.6 (a), it finds that when control cycles 
are 1.2msec, the phase difference of 72deg is gener-
ated, and phase difference becomes small as the 
number of the element divisions is decreased. Like 
Section 3.1, it is founded on the relation of the 
analysis time to the speed of the wave which trans-
mits between elements. Fig.6 (b) shows that the am-
plitude difference at the time of control cycle 
1.2msec is large. A damping coefficient can be con-
sidered as one of the cause of this. The damping co-
efficient used this examine is the value got by free 
vibration. However, it thinks that the damping coef-
ficient changes depending on vibration frequency. 
We think that the effect is generated at control cycle 
1.2msec. 
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Figure 6. Comparing of real vibrations and analysis results  
generated at the time of levitation 

 
At the time of control cycle 0.8msec, phase dif-

ference is 0 deg and an amplitude difference is also 
less than 0.05mm, and it is the closest to real vibra-
tion. However, 0.2mm gap length had happened as 
offset. Offset of each control cycle is shown in Table 
1. As shown in table 1, offset became such a big 
value that a control cycle is long.  

 
Table1. Gap length's offset in control cycles 

control cycle [msec] 0.6 0.8 1 1.2

gap length's offset [mm] 0.2 0.2 0.4 0.6
 

 
From Fig.6, it considers about phase characteris-

tics that the analysis time can be decreased within 10 
deg by making it quick more than double from the 
speed of the wave which transmits between ele-
ments. 

4 STABILITY OF MAGNETIC LEVITATION 
SYSTEM USING FEM 

4.1 Securing of Controllability and Observability of 
Magnetic Levitation System  
In order to fit FEM to the control system, the equa-
tion of motion dispersed to the n element n node is 
expressed with the state equation. 

The state equation and output equation of equa-
tion (2) turn into equation (7). Here considered as 
state vector is X (4n by 1), system matrix is A (4n by 
4n), control matrix is B (4n by 2n), control input is u 
(4n by 1) and observation matrix is C (1 by 4n). 

⎫= +
⎬

= ⎭

X AX Bu
y CX

 (7) 
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The electromagnet1 and the gap sensor1 of Fig.5 
are installed in the free end of a one end fixed beam, 
and an electromagnet2 is installed in another points. 
In this study the primary mode and the secondary 
mode are controlled. 

Since the controllability and the observability of 
the magnetic levitation system are secured, it is nec-
essary to avoid the node of the secondary mode and 
to install an electromagnet. Then, the modal analysis 
of the levitating object is done and the secondary 
mode is hold. The vibration mode vector by the mo-
dal analysis in case that the number of the element 
divisions is 60 is shown in Fig.7. 
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Figure 7. Vector wave in the secondary mode 

 
From Fig.7, the node of the secondary mode 

arises from a fixed end near 390mm (node number 
47). Therefore, we consider that the controllability 
and the observability at the time of installing an 
electromagnet and a sensor in the node number 47. 

As conditions which check the controllability and 
the observability, power f is given only to the node 
(node 47) in the secondary mode, and the external 
force by gravity is disregarded. Coordinate trans-
formation of the equation (7) is done using the coor-
dinate transformating matrix T, and it develops as 
the diagonal canonical form. The equation devel-
oped to the diagonal canonical form is shown in 
equation (8) (6)

y

⎫= + ⎪
⎬

= ⎪⎭

Z AZ Bu

CZ
 (8) 

( )1
1 2 3diag λ λ λ−= =A T AT

[ ]T1
1 2 3β β β−= =B T B

[ ]1 2 3θ θ θ= =C CT  

The block diagram of equation (8) is shown in 
Fig.8. 
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Figure 8. Secure of the controllable and observable by              

the diagonal canonical form 
 
The block diagram of each vibration mode is 

given with a subsystem like Fig.8, and it becomes 
improper control and improper observation at the 
time of βn=0, θn=0. From equation (8), the control-
lability and the observability are discussed by the 
case where an electromagnet or a sensor is installed 
in the node of the secondary mode or the other 
points. The calculation result of βn and θn obtained 
by MATLAB is shown in Table 2. 
 
Table.2 Evaluation of the controllable and observable in the 

secondary mode 
Position of electro 
magnet and sensor

βn θn

node number 30 -406.2  -1.6E-02 
node number 47
（nodal point） 

-0.7  -2.6E-05 

node number 48 39.4  1.5E-03 
node number 57 432.7  1.7E-02 
node number 60 568.8  2.2E-02 
 

From Table 2, when an electromagnet and a sen-
sor are installed in a node, it is set to βn 0 and 
θn 0, and it becomes improper control and im-
proper observation. The controllability and the ob-
servability of the system are secured by avoiding a 
390mm point from a fixed end and installing an 
electromagnet and a sensor. 
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4.2 Discussion of Stability of FEM Suited to 
Magnetic Levitation System 
In order to make the equation (7) applied to the mag-
netic levitation system of Fig.5, the state equation is 
developed. 

Equation (7) is divided into known variables and 
strange variables, and it develops to simultaneous 
linear equations. 4n-1 variable contained in the state 
variable of equation (7) is a known value got from a 
sensor. For the reason, a corresponding line and se-
quences are separated from equation (7), and it is 
made a matrix small one dimension. The attractive 
force of an electromagnet is linearized by approxi-
mation neighborhood the position of equilibrium, 
and becomes equation (9). Next, in order to carry 
out control input to one input, the external force by 
the gravity contained in an input {f} is separated. 
The equation which developed the equation (7) is 
shown in equation (10). 

3 2

2

2n-y 2n-y
2 2

2 2

n y n y

kI kIf iχ
χ χ− −

= ∆ − ∆  (9) 

2n-y (1) 2n 1 mg2n 1
' ' ' '' 'f x f −−
= + + + +X A X B a b B f  (10) 

'X : X vector of (4n-1 by 1) 
fmg: external force by gravity 
a: column vector separated from A, b: column 

vector separated from B, : A vector of (4n-1 by 
4n-1), : B vector of (4n-1 by 2n-1), : 

'A
'B ''B 'T'×B D , 

: D vector of (1 by 2n-1) 'D
From equation (10), the block diagram which ap-

plied FEM to the magnetic levitation system is 
shown in Fig.9. 
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Figure 9. Block diagram of a magnetic levitation system using 

FEM 
 
From Fig.9, the magnetic levitation system of this 

study needs to input the information from a gap sen-
sor into FEM, and the minor loop which the gain 
cannot adjust generates it. For the reason, it is neces-
sary to check the effect by a minor loop. Accord-
ingly, the effect is checked from the transfer func-
tion of the FEM area. At this point, from fig.9 it is 
considered that the input from an electromagnet1 is 

the external force to FEM. The block diagram of the 
FEM area which disregarded external force is shown 
in Fig.10, and the frequency response calculated 
from Fig.10 is shown in Fig.11. 
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Figure 10. Block diagram of FEM which disregarded             

external force 
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Fig 11. Comparing of frequency response between open loop 

and feedback 
 
From Fig.11, when open loop and feedback are 

compared, it becomes the wave which is shifted a 
fixed multiple. From this result, the FEM system of 
Fig.10 can be considered that there is almost no ef-
fect of a current input part, and the effect of feed-
back from χ2n-y is dominant. Therefore, displacement 
from the electromagnet1 disregarded as external 
force is set as the input of FEM, and it examines 
again in consideration of all the current input parts 
as external force. 

The block diagram of the FEM area shown in 
Fig.9 becomes Fig.12. Then, a new system matrix is 
created by summarizing the parallel portion of 
Fig.12. The block diagram which summarized 
Fig.12 is shown in Fig.13. 

At this point, a control matrix constitutes equa-
tion (11). 

2

3

2
a

kI
χ

= +B a b  (11) 
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Fig 12. Block diagram of FEM at the time of considering     

displacement of an electromagnet 1 as an input 
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Fig 13. Block diagram of FEM which compounded  

the parallel part 
 

From Fig.13, when an electromagnet1 is consid-
ered as an input, it becomes a system without a mi-
nor loop. This is because that it was collected as a 
system matrix like Fig.13 since the current input of 
the electromagnet2 was treated as external force. 
The above result shows that the system of the minor 
loop of Fig.9 does not show effect to a frequency re-
sponse at the position directive. 

5 CONCLUSION 

In this paper, we showed the vibration control us-
ing FEM as one of the techniques of sensorless con-
trol. Then, by forced vibration, the frequency char-
acteristic of the real vibration and the analysis 
results was discussed, and it was presupposed that 
120 divisions is appropriate. Moreover, it checked 
that the analysis result at the time of control cycle 
0.8msec was the closest to real vibration by inde-
pendent control. Finally, discussion about the stabil-
ity of the state equation of FEM made applicable to 
a magnetic levitation system was performed. As a 
result, when a current input is treated as external 
force, we think that it is a stable system by the fre-
quency characteristic. 

In the future, sensorless levitation using the 
analysis result obtained by FEM is carried out. Then, 
stable levitation is aimed at by designing vibration 
suppression control. Besides, study about the effect 
on levitation accuracy is performed by changing an 
analyzing point.  
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